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Abstract
Tuberculosis is a disease of global importance: over 2 million deaths are attributed to this infectious disease each year. Even in areas
where tuberculosis is in decline, there are sporadic outbreaks which are often attributed either to increased host susceptibility or increased
strain transmissibility and virulence. Using two mathematical models, we explore the role of the contact structure of the population, and
ﬁnd that in declining epidemics, localized outbreaks may occur as a result of contact heterogeneity even in the absence of host or strain
variability. We discuss the implications of this ﬁnding for tuberculosis control in low incidence settings.
r 2007 Published by Elsevier Ltd.
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1. Introduction
Tuberculosis (TB) is caused by infection with the
bacterium Mycobacterium tuberculosis. The bacilli spread
through the respiratory route: individuals with active
disease may transmit infection if the airborne particles
produced when they cough, talk, and sing are inhaled by
others. Once infected, individuals enter a period of latency
during which they exhibit no symptoms and are not
infectious to others. While most are able to contain this
infection indeﬁnitely, at least 10% will eventually progress
to disease and expose others (Sutherland et al., 1982, 1976;
Styblo, 1991). Although approximately one-third of the
world’s population harbors a latent M. tuberculosis
infection (Dye, 2006), this statistic belies the great
heterogeneity in risk among individuals and among
different countries. In some areas the lifetime risk of
infection nears 100% while in others the probability of
exposure is minimal.
Mathematical modeling has proven a valuable tool for
understanding TB dynamics (Blower et al., 1995; Vynnycky
and Fine, 1997; Feng et al., 2000; Singer and Kirschner,
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2004) and has served as the basis for establishing control
targets and assessing policy strategies (Blower et al., 1996;
Dye et al., 1998; Cohen et al., 2006). However, most such
models, with occasional exceptions (Schinazi, 1999), have
been differential equation susceptible-exposed-infectedrecovered (SEIR) models that assume a homogenously
mixed population. In populations where people contact
only a small subset of the population (such as their
colleagues, friends, families, etc.), respiratory diseases such
as TB are more likely to be transmitted among local groups
of contacts. Non-random mixing introduces ‘‘contact
structure’’, which is deﬁned here as the number of contacts
each individual has (degree distribution), the extent to
which those contacts are also connected to each other
(clustering), and the average distance of those connections
in a spatially distributed population (locality; spatial
structure). This heterogeneity may substantially affect
model predictions about the spatial spread of disease,
infection/reinfection dynamics, local inter-strain competition and threshold behavior (May and Lloyd, 2001; Gupta
and Hill, 1995; Pastor-Satorras and Vespignani, 2001;
Meyers et al., 2003; Schinazi, 1999).
In areas where the burden of TB is low and continues to
decline, localized outbreaks nonetheless sporadically
occur. Variability in host susceptibility and strain-speciﬁc
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differences in virulence and transmissibility (ﬁtness) have
been examined as explanatory factors for location-speciﬁc
disease patterns (Valway et al., 1998; Murphy et al., 2002).
Here we explore the null hypothesis that localized outbreaks can occur during declining epidemics as a result of
locally constrained contact structure, even when the
population is otherwise homogeneous. In order to test this
hypothesis, we develop two models of TB epidemics that
encapsulate the same natural history: a baseline differential
equation model imposing homogeneous mixing, and a
network model on a class of spatially structured networks.
We modify the extent to which contacts are constrained to
be local on the networks and examine declining epidemics
under fully homogeneous mixing, networks with longrange contacts and networks with short-range contacts.

2. The models
2.1. Natural history of TB
The dynamics of TB within individual hosts (sometimes
called the disease’s natural history) are complex. Upon
infection, individuals enter a latent state during which they
are not infectious or symptomatic. From latency, there are
three routes to active TB: primary progression, in which
the infection progresses to active disease within the ﬁrst 5
years; endogenous reactivation, in which an old infection
activates, and exogenous reinfection, in which a new
infection, acquired after an older infection, progresses to
active disease.
The rate of progression from latency to active disease
varies with the time since infection: for the ﬁrst approximately 5 years after infection, this progression rate p1 is
considerably higher than it is subsequently (p2 ) (Sutherland
et al., 1976; Horwitz, 1969; Vynnycky and Fine, 1997). If
an individual does not progress from latent infection to
active disease during the ﬁrst few years after the initial
infection, he or she may remain latently infected for many
years. However, a new exposure to the disease is thought to
transiently increase the risk of progression.
The variable progression rate from latency to active
disease has been modeled in several ways. Some modelers
have split the latent class into ‘‘fast’’ and ‘‘slow’’
progressors, with ﬁxed portions a and 1  a of susceptibles
entering fast-progressing and slow-progressing latent
classes upon infection. This structure speciﬁes that a
portion 1  a of individuals have some innate protection
from TB, while a portion a are predestined to be ‘‘fast
progressors’’. While this approach has the advantage of
simplicity, it has the disadvantage that such models are
very sensitive to a, which is very difﬁcult to measure. Other
authors have modeled this variable progression rate by
including arbitrarily distributed latent periods (Feng et al.,
2001) or using partial differential equations that include
age and maturation of infection (Vynnycky and Fine,
1997).

Here, we present two models in which we avoid predestining the portion of fast and slow progressors. Both of
the models are based on an SEIR framework where the
recovered class, R, is accessible only after antibiotic
treatment is introduced (circa 1950). Following Vynnycky
and Fine (1997), we assume that the original infection
confers some partial immunity which protects against
progression to active disease, but not against the acquisition of a new infection.
While infants are at high risk of disease if infected with
TB, because smear-positive pulmonary TB (the most
infectious manifestation of disease) is rare in childhood,
children are not thought to play an important role in the
continued transmission of disease within communities
(Styblo, 1991). Additionally, in areas where TB has been
declining for many years, the average age of infection will
be relatively high and there is likely only to be a small
number of children who have been infected by TB. For
these reasons, we have chosen to represent only adults in
our model and have chosen baseline parameter values to
represent the natural history of disease among these
individuals. Because our intent is to examine the hypothesis
that localized outbreaks can emerge in a homogeneous
population with contact structure, we do not include
sources of individual heterogeneity such as age-speciﬁc
risks of progression, variable susceptibility or differences in
TB strain transmissibility or virulence.
2.2. Modeling approach
Most models of TB epidemics have been differential
equation models that assume a homogeneously mixed
population. Our goal is to explore the effect of non-random
mixing. To this end it is useful to have not only a
network model, but also a baseline model that assumes
homogeneous mixing and represents the natural history of
TB in the same way. We therefore develop a differential
equation model, making use of a delay to include the
dependence of the risk of disease progression on the time
since infection.
In the differential equation model, the population is
homogeneously mixed, so it is not possible to examine local
inhomogeneities. However, it is possible to directly
measure the contribution of reinfection to disease incidence; if disease is locally clustered we expect to observe an
increased frequency of reinfection. Therefore, comparing
reinfection in the two models allows us to estimate the
amount of additional reinfection induced by the introduction of contact structure. If local contact structure leads to
substantially increased reinfection, this indicates that there
is sufﬁcient local clustering of disease to affect the
dynamics of transmission, which has implications for
policy control (Gomes et al., 2004).
In the network model, we can also directly estimate the
amount of spatial variability in disease burden; this
quantity does not have a directly comparable analogue in
the differential model.
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2.2.1. Delay differential equation model
In our differential equation model, susceptible individuals enter the fast-progressing latent stage L1 upon
infection. This stage lasts t years ðt ¼ 5Þ, and during this
time individuals progress to infectious disease at rate p1
and die at a rate m. The number of individuals in the fastprogressing latent class at any time is given by
Z t
bISeðmþp1 ÞðtsÞ ds,
(1)
L1 ðtÞ ¼
tt

where b is the transmission parameter, which is related to
the contact rate and the per contact transmission rate, I is
the fraction of the population that is infectious, S is the
fraction susceptible and m is the natural death rate. Upon
leaving L1 , bI t St eðmþp1 Þt enters the slower latency L2 .
Meanwhile some portion has died at rate m while in L1 , and
some have progressed to active disease.
Those that progress are now in the infectious state,
which gains a delayed term
PðtÞ ¼ bI t St emt ð1  ep1 t Þ.
We use subscripts to denote delays: xt ¼ xðt  tÞ. PðtÞ is
the contribution of primary progression to disease incidence. The same approach for the re-infected high-risk
latency class generates a similar delayed contribution to the
infectious class, where rather than entering from the
susceptible class, individuals are re-infected from the latent
and recovered classes. This gives the exogenous reinfection
term
EðtÞ ¼ bemt ð1  epr t ÞI t ðLt þ Rt Þ.
EðtÞ is the contribution of reinfection to disease incidence.
We have used the approximation that those who progress
from fast-progressing latency to active disease all do so a
time t after infection. This results in the factor 1  ep1 t
and 1  epr t in the expressions for PðtÞ and EðtÞ. This
limits the accuracy of the differential equation model,
which is intended to describe the dynamics on time scales
longer than t ¼ 5 years. The main advantage to doing this
is that we can readily compare the portion of new disease
due to primary infection to that due to exogenous
reinfection (as described in Section 2). This portion is not
ﬁxed by a predetermined fraction a of susceptibles that
enter the fast-progressing latency, but arises from the timevarying progression rates.
If the disease progresses, the individual may die (at rate
mTB ), self-recover and return to the latent state (at rate r;
this is a form of recovery that does not depend on
treatment), or be treated and move to the recovered state
(at rate rTR ). Recovered individuals may die (at rate m),
relapse at rate rrel to the infectious state, or become reinfected.
This gives rise to the following set of delay differential
equations:
dS
¼ g  bIS  mS,
dt

767

dL
¼ beðmþp1 Þt I t St þ beðmþpr Þt I t ðLt þ Rt Þ
dt
 bIL  p2 L  mL þ rI,
dI
¼ bemt ð1  ep1 t ÞI t S t þ bemt ð1  epr t ÞI t ðLt þ Rt Þ
dt
þ p2 L þ rrel R  rI  mTB I  rTR I
dR
¼ rTR I t2  rrel R  bIR  mR,
ð2Þ
dt
where S is the fraction of the population in the susceptible
state, L is the fraction in the slow-progressing latent state, I
is the fraction that are infectious, R is the fraction
recovered, and the parameters are as deﬁned in Table 1.
We ensure a constant population by setting
g ¼ mð1  IÞ þ mTB I.

(3)

2.2.2. Network model
In the network model, individuals are represented by
vertices of the network and transmission of disease may
occur between two individuals only if there is an edge
connecting the corresponding vertices. We place the
vertices randomly with uniform distribution on a square
patch and choose whether or not to connect two vertices
based on their locations. This gives a two-dimensional
spatial structure to the network. We tune how much
preference there is for edges that connect individuals that
are near each other so that we can choose to have either
locally constrained contacts or more long-range contacts.
Since the spatial density of the network is uniform, there
are always fewer nearby vertices than far away ones. Thus,
when we choose to make contacts local, groups of vertices
that are near each other tend to be connected in clusters.
These networks have higher clustering coefﬁcients than
networks with long-range contacts: on local networks, the
contacts of a given individual are likely also to be contacts
of each other.
The preference for short or long-range contacts is
speciﬁed using a spatial kernel, in which an edge between
two vertices i and j is formed with probability
p¼

n d 2ij =2D2
e
.
2pD2

(4)

Here, d ij is the distance between the two vertices, D tunes
the ‘‘locality’’ of the network, and n is the average degree of
the resulting graph. (In practice due to ﬁnite populations,
the average degree may be somewhat less than n.)
This class of graphs has been used in disease models
previously (Read and Keeling, 2003). As D increases,
the preference for short edges decreases, and the
graph contains more long-range contacts. However,
when D is low, most of the contacts of a given individual
are near that individual. The degree distribution is
Poisson with mean n, regardless of D. The sociological
connection to this approach is that low D networks reﬂect
populations with clustered social groups, in which members are in contact with each other and are likely to know
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Table 1
Model parameters
Parameter

Description

Value

Unit

Source

year1
year1
none
year1
year1
year1
None
year1
year1
None
year1

Cohen and Murray (2004)
Dye et al. (1998), Springett (1971)
Dye et al. (1998), Sutherland (1976)
Blower et al. (1995), Cohen et al. (2007)
Dye et al. (1998)
Assumed
Assumed
Vynnycky and Fine (1999), Dye et al. (1998)
Vynnycky and Fine (1999)
Vynnycky and Fine (1999)
Vynnycky and Fine (1999)

Both models
m
mTB
f
rrel
r
rTR
fT
p1
p2
f imm
pr

Natural death rate
TB mortality rate
Partial immunity
Relapse rate
Self-recovery rate
Treatment rate
Portion with treatment
Primary progression rate
Endogenous activation rate
Partial immunity
ð1  f imm Þp1

0.02
0.3
0.4
0.05
0.2
0.9
0.9
0.03
0.0003
0.4
0.018

Delay model
t
b
b2

Duration of fast latency
Transmission parameter before 1900
Transmission parameter after 1900

5
10
6

year
year1
year1

Vynnycky and Fine (1999)
Calculated
Calculated

Transmission parameter before 1900
Transmission parameter after 1900
Average number of contacts

0.9
0.5
15

year1 contact1
year1 contact1
No unit

Fitted
Fitted
Assumed

Network model
B
B2
c

each other’s friends, colleagues and families. High D
networks would represent populations where people are
less likely to belong to such social groups.
The natural history of TB in the network model is the
same as in the differential equation model: a susceptible
individual in contact with k infectious individuals has a
probability of becoming infected of p ¼ 1  ð1  BÞk in a
unit of time, where B is the per contact transmission
probability per unit time. Upon infection, the individual is
moved to the latent class and there suffers a progression
rate p1 to active disease. After 5 years, this rate is decreased
to p2 5p1 . The individual is then subject to a reinfection
probability per unit time 1  ð1  BÞk (given contact with k
infectious individuals), and for the next 5 years, the
progression probability is pr , where 1  pr =p1 is the partial
immunity conferred by the ﬁrst infection. After those 5
years, the progression rate is reset to p2 . Other transitions
are as described above.
The birth rate is set to keep the population stable, but
not ﬁxed. Births may replace dead individuals. If this
occurs for a vertex x in the ‘‘dead’’ state, the new individual
is not simply placed at the location of x. Rather, a neighbor
y of x moves into its place, and a neighbor z of y
moves into y’s location, and so on. After a speciﬁed
number of replacements, a susceptible is inserted into the
network. In this way, we avoid introducing spatial
correlations between death due to disease and birth of
new susceptibles without incurring the computational costs
associated with regeneration of the network each time a
new vertex is added.

2.3. Data
We are interested in the emergence of heterogeneity in
declining epidemics in homogeneous populations to explore
the null hypothesis that contact structure induces heterogeneity. For this reason we have not included HIV and drug
resistance in the models as both would introduce individuallevel heterogeneity. The data that are relevant for this study are
from declining epidemics during periods in which HIV and
drug-resistance have not had substantial effects on TB
dynamics. Serial surveys of the annual risk of infection
conducted in the Netherlands between 1910 and 1966
demonstrate a steady decline in transmission which accelerated
after the introduction of TB antibiotics (Styblo et al., 1969).
Additionally, Styblo reported a consistent 1:2:4 ratio of TB
mortality:incidence:prevalence prior to the advent of antibiotic
treatment (Styblo, 1991); we use these data and ratios, in
combination with TB notiﬁcation data from repeated surveys
at 5 and 10 year intervals from Germany (DGDDR, 1980) and
the Netherlands (Styblo, 1991) from the period 1951–1979 to
characterize the general relationships between risk of infection,
incidence and prevalence during declining TB epidemics.
We begin by allowing the model to equilibrate at
approximate pre-1900 conditions; the comparison between
this steady state and data from Styblo (1991) provides
conﬁrmation that our natural history parameters are
reasonable and gives a baseline starting point for simulating declining disease levels. From this point, TB epidemics
were observed to be in decline even before antibiotic
treatment became available (Styblo, 1991). To mimic this
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decline, we reduce the transmission parameter so that by
1950 a new equilibrium of TB incidence and prevalence is
reached. In 1950 we then simulate the introduction of
antibiotics, which functioned to decrease the duration of
disease among those receiving treatment. For the spatial
model, the epidemic dynamics differ depending on how
locally constrained the contacts are, i.e. depending on the
value D assumed for the contact network. Here, we choose
a set of baseline parameters for an intermediate value of D
(5) such that the resultant epidemic trajectories from both
spatial and delayed differential equation models follow
similar paths as observed declining epidemics. While the
natural history parameters are derived from the clinical
and epidemiological literature (see Appendix), the transmission parameter was adjusted so that the annual risk of
TB infection, TB prevalence and TB incidence declined in a
manner that reﬂects observed patterns in the Netherlands
and Germany. Fig. 1 shows modeled incidence during
declining epidemics plotted with data from the Netherlands
and Germany during the era of antibiotic treatment.
3. Results
3.1. Dynamics of the delayed model
The long-term dynamics of the differential equation
model are governed by an epidemic threshold R0 , such that
when R0 o1 the disease-free equilibrium ðS; E; I; RÞ ¼
ð1; 0; 0; 0Þ is stable and when R0 41 it is unstable, and the
endemic equilibrium is stable. In our case, R0 is given by

p1
p
ð1  eb1 t Þ  1 ð1  eða1 þb1 Þt Þ
R0 ¼ b
a1 b1
a1 b 2

p2 ða2 þb2 þp1 p2 Þt
p2 ðb1 þp1 p2 Þt

e
þ
e
,
ð5Þ
a2 b2
a2 b1

769

where a1 ¼ mTB þ r  p1 , a2 ¼ m þ r  p2 , b1 ¼ m þ p1 and
b2 ¼ mTB þ r. R0 is proportional to the transmission
parameter b and is independent of reinfection. R0 given
in Eq. (5) agrees with the result for R0 in Feng et al. (2001)
for a model without reinfection. The reason that reinfection does not play a role in the location of the R0 ¼ 1
threshold is that near the bifurcation, by deﬁnition the
system is near the point S ¼ 1, L ¼ I ¼ R ¼ 0, where
SbL þ R so that the contribution of reinfection to disease
is negligible. Consistent with the ﬁndings of several
previous modelers (Feng et al., 2000; Singer and Kirschner,
2004), an endemic equilibrium exists in the model even for
R0 o1 when the reinfection progression rate pr is sufﬁciently large (i.e. there is a backward bifurcation reﬂecting
the fact that reinfection parameters do not occur in the
expression for R0 ). However, for this equilibrium to exist,
pr must be so large as to be unrealistic, i.e. even higher than
p1 , the primary progression rate.
Even when R0 o1 and the disease-free equilibrium is
stable, the approach to that equilibrium is slow. Fig. 2
shows the numerically determined real parts of the largest
eigenvalues l for each equilibrium, as a function of the
transmission parameter b. This analysis was done with the
DDE-BIFTOOLS package (Engelborghs et al., 2002,
2001). Near the equilibrium point, the transient approach
to equilibrium has a time scale of 1=l. For the disease-free
equilibrium the slope of l near l ¼ 0 is very small; even
decreasing b, and hence R0 , to half its critical value, the
time scale of approach is still about 80 years. This is
consistent with the doubling times estimated in Blower
et al. (1995). The resulting long transients, if they occur in
real systems, present a challenge for evaluating policy
interventions, because reliable indications of the interventions’ effects would not be observable for many years.
Long transient times indicate that the near-threshold

Incidence (cases in 100,000): posttreatment era

Incidence (cases in 100,000): 1900-2000

450

1200

400
350
Annual TB incidence

Annual TB incidence

1000

800

600

400

300
250
200
150
100

200
50
0
1800

0
1850

1900

1950
Years

2000

2050

1950

1955

1960

1965
Years

1970

1975

1980

Fig. 1. The spatial and delay DE models with observed data for incidence after 1950. Dashed lines are the spatial model and solid lines are the delay
model. (a) Incidence (cases in 100,000): 1900–2000. (b) Incidence (cases in 100,000): post-treatment era.
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Endemic
0.1

0.08

0.08
Real parts of largest eigenvalues

Real parts of largest eigenvalues

Disease-free
0.1

0.06
0.04
0.02
0
−0.02
−0.04
−0.06

0.06
0.04
0.02
0
−0.02
−0.04
−0.06
−0.08

−0.08
−0.1

−0.1
0

1

2

3

4

5

6

7

8

9

10

0

1

2

3

4

β

5

6

7

8

9

10

β

Fig. 2. Eigenvalues showing stability switch. (a) Disease-free. (b) Endemic.

declining phase of the epidemic, which is the phenomenon
of interest here, will be of long duration.
The model’s construction, in particular the form of the
_ allows us to examine the relationship between
equation for I,
primary progression to disease and exogenous reinfection.
Consensus based on homogeneously mixed models such as
this one has been that at low levels of disease reinfection
occurs so rarely that it is negligible. Since we can expect
reinfection to be higher in local outbreaks, comparing
reinfection in the differential equation model and in the
network model yields an estimate of how important
localization of disease is for transmission dynamics.
From Eq. (2), we can examine the relative importance of
primary progression and reinfection at steady state. To do
this, we solve the steady-state equations for the ratio r 
E=P of the contribution to I_ from exogenous reinfection to
that from primary activation:
r¼

ð1  epr t ÞðLt þ Rt Þ c2 ðLt þ Rt Þ

.
ð1  ep1 t ÞSt
St
c1

(6)

At steady state the delayed arguments are equal to their
steady-state values, so we may drop the subscripts, and
now use I to refer to the steady-state value of IðtÞ, and
likewise for S, L and R.
To get an expression for the ratio r, we add the second
and third equations of Eq. (2) together, and use the ﬁrst
and fourth equations of (2) to ﬁnd steady-state values of S
and R in terms of the steady-state value of I. Let
ðrl þ mÞ=b ¼ a, and we have
LþR
IðbI þ mÞ
¼
S
gð1  emt ÞbI þ m


I
rl rTR 1
þ
 ðmTB þ rTR Þ
 emt rTR
I þa
b I þa
emt bI
rTR I
þ
ðbI þ mÞ.
ð7Þ
þ
mt
ð1  e ÞbI þ m bg I þ a

Since mt0:1 we can approximate emt  1  mt. Then
Eq. (7) becomes


LþR
I
I
I
1
¼
þ
S
g I þ 1=tb mt tb


I
rl rTR 1
þ
b
 emt rTR
I þa
b I þa
ðð1  mtÞ=mtÞI rTR I
þ
þ
ðbI þ mÞ.
ð8Þ
I þ 1=tb
bg I þ a
The realistic steady-state values of I (namely the
observed prevalence of active TB in the world) are very
low: a prevalence of 0.02, or 2000 cases in 100,000, is
considered a high TB burden. This motivates rescaling I.
Also, since b, the transmission parameter, is the least wellknown parameter in the system, it is useful to group other
parameters together but retain the dependence on b. With
these two points in mind, we write x ¼ I=m, a1 ¼ 1=ðtmÞ,
a2 ¼ ðrl þ mÞ=m , and rewrite Eq. (7) in terms of x:





c2 rTR mt
rl
bx þ 1
x
r¼
e bþ
bx þ a1
bx þ a2
c1 tg
m


 
mTB þ rTR
bx þ 1

x
bx þ a1
tg




1  mt
bx
mrTR
bx þ 1
þ
x
þ
.
ð9Þ
mt
bx þ a1
bx þ a2
g
Naturally, changing parameters changes the steady-state
value of I and therefore x, so one might question whether
Eq. (9) provides any understanding of the relationship
between b and the amount of reinfection. In fact, the only
place that the progression rates p1 and pr occur in Eq. (9)
are in the ratio c2 =c1 , and furthermore, I and hence x are
very sensitive to these rates. Therefore, the steady-state
value of x can be changed without changing b and without
altering the relative contributions of the different terms in
Eq. (9).
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The function r is OðxÞ as x ! 0. This is consistent with
the biological literature on reinfection in TB; it is generally
thought that as disease prevalence decreases, reinfection is
not a signiﬁcant contributor to disease incidence. This view
is largely informed by the assumption of homogeneous
population mixing either in qualitative discussions or in
previous models. A plot of r is shown in Fig. 3 for several
value of b. Note that in the DDE model, exogenous
reinfection is as important as primary infection for disease
prevalence greater than approximately 450 cases in
100,000. This is considered to be a high TB burden
(WHO, 2006). Previous work has suggested that there may
be a threshold beyond which reinfection accounts for much
of the prevalence of disease (Gomes et al., 2004); in our
delay model we do not see a threshold but reinfection does
increase monotonically with the transmission parameter. In
contrast, the network model with localized contacts
predicts a much higher contribution of reinfection (also
shown in Fig. 3).
In the differential equation model, disease elimination is
possible, but the approaches to both the disease-free
and the endemic equilibrium are very long, so that
behavior observed during declining epidemics can be
expected to persist for extended periods of time. The
model predicts that at low disease levels there will be some
reinfection, but the ratio of incidence from reinfection to
incidence from primary infection decreases gradually
with disease prevalence, approaching zero as disease is
eliminated.
3.2. Dynamics of the network model
In the network model, when D is low (local networks),
disease levels are lower than those predicted both by the
differential equation model and by higher D networks.

Ratio of exogenous to primary infection

3
Network D=1
β=6

2.5

β=7
β=8

2
1.5
1
0.5
0
0

200

400
600
800
Prevalence in 100,000

1000

1200

Fig. 3. The ratio of exogenous reinfection to primary activation for the
network model with D ¼ 1 and the differential equation model for several
values of the transmission parameter, b.
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However, reinfection contributes notably more to disease.
Indeed, the effect of network structure on reinfection is
quite marked; Fig. 3 shows that as disease prevalence
decreases to zero, the contribution of reinfection to
incidence remains substantial.
The higher levels of reinfection in low D networks occur
because when contacts are more local, the network has a
higher clustering coefﬁcient. Infection will follow a random
walk beginning at an infected vertex; as the clustering
coefﬁcient increases, so does the probability that such a
random walk will intersect itself, causing reinfection. While
clustering increases the probability of reinfection, it
decreases the overall spread of disease, because distant
parts of the network are less likely to be reached so that
some pockets of susceptible individuals are isolated and
thereby protected.
The network model with long-range contacts (high D)
has average disease trajectories similar to those of
the differential equation model; trajectories approach the
differential equation trajectories as D rises, due to the
increased rate of spatial diffusion in such networks.
In any spatial model of disease transmission, the force of
infection experienced by individuals can vary such that the
local risk of infection can be high even when the average
risk of infection is low. In the most obvious case, this
occurs if we introduce one or a few infectious individuals
into an otherwise susceptible population where most
contacts are local. Spatial clustering in the resulting rising
epidemics would be expected whenever there are local
constraints on the contact structure.
In contrast, we observe a heterogeneous force of
infection during declining epidemics when the initial
conditions are homogeneous. We populate the spatial
model with a uniformly distributed number of latently
infected and infectious individuals (mimicking pre-1900
conditions) and allow the disease to decline on a relatively
localized network (low D). Both latency and disease
become spatially clustered as the epidemic recedes. At
any point in time these clusters appear as localized
outbreaks of disease. They emerge from homogeneous
initial conditions as a result of the network structure and
the decline of the epidemic.
The differential equation model has no direct analogue
for the variation in local disease burden, as it has no local
structure. However, we can quantify the difference between
the variation in local disease burden that we observe, and
what we would expect if the spatial distribution of latency
remained uniform. To do this we examine the variance in
local prevalence of latent infection during the declining
epidemic.
Let the set of incident vertices of a vertex x be denoted
AðxÞ, and the subset that are in state M be AM ðxÞ. Let pm
be the portion of the whole population in state M. We can
determine what the variance of jAM ðxÞj would be if there
were no spatial correlations or additional structure on the
graph—i.e. if the different states were uniformly distributed. The probability that a given vertex x has n neighbors
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is given by the Poisson distribution
n n

ne
,
n!
where n is the average degree. If there are no spatial
correlations or additional structure, then every vertex has
an equal probability pm of being in state M, and we have
1 n n  
X
n e
n k
PðjAM ðxÞj ¼ kÞ ¼
pm ð1  pm Þnk .
n!
k
n¼k

pðnÞ ¼

The second moment, and hence the variance, of jAM ðxÞj,
can be found by writing the second moment as
m2 ¼

1 X
1 n n
X
n e

n!

k2 pkm ð1  pm Þnk

k¼1 n¼k
1 2 i 1X
X
i pm n 1 ð1
n

¼e

i¼0

i!

j¼0

 pm Þ j n j
j!

ratio of observed to fully mixed variance
2.6
D=1
D=3
D=5
D=10

2.4
2.2

ratio

2

which can be written as


d 2 pm n
pm n
n
e ¼ pm nð1 þ pm nÞ.
m2 ¼ e
dn

(10)

The mean is pm n, so the variance is m2  p2m n2 ¼ pm n. This
is the variance that we should see if every vertex has the
same probability pm of being in state M.
Fig. 4 shows the ratio of the actual variance of jAM ðxÞj,
observed during epidemics on the network, to pm n, where
M is the latent state, along the epidemic trajectories with
graphs with different D values. The variances are higher
than would be predicted by Eq. (10), and near the middle
of the D ¼ 1 trajectory the actual variance is more than
twice what it would be without spatial structure. In other
words, in declining epidemics on local networks, a
substantial number of individuals see much higher local
levels of infection than they would if mixing were random.
Fig. 5 shows the evolving distribution of the local
prevalence of latency along a realistically declining TB
epidemic, on networks with D ¼ 1 and 10. The plots
illustrate the qualitative differences between the local and
global networks. The plot for D ¼ 1 shows that skewsymmetry develops so that a larger number of the vertices
see a locally high disease burden than on the D ¼ 10
networks where no skew-symmetry is evident.

1.8

4. Conclusion
1.6
1.4
1.2
1
0.8
0

50

100

150

time (years)
Fig. 4. The variance of local latency compared to the predicted variance
without spatial clustering.

Our results indicate that clustering of disease can emerge
during declining TB epidemics without the explicit inclusion of host or strain differences in susceptibility and
ﬁtness. Thus, some local outbreaks can be expected to
occur even in the absense of these sources of individual
heterogeneity, simply as a result of the contact structure of
the population. This phenomenon is not speciﬁc to the data
we chose for parameterizing the model, but occurs in a
wide range of declining epidemics with different rates of
decline, starting points and parameter values. Interestingly,

Fig. 5. The time evolution of local latency for D ¼ 1 and 10. Height indicates the number of individuals with the given number of latent neighbors at the
corresponding time. At 50 years we decrease the transmission parameter to mimic the decline in TB between 1900 and 1950, and at 100 years (1950), we
introduce antibiotic treatment. (a) D ¼ 1. (b) D ¼ 10.
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inhomogeneity arises spontaneously from uniformly distributed initial states. Of course, in real populations, both
host and strain differences do exist. Our ﬁndings do not
discount their likely importance, but rather suggest that
non-random mixing also has a substantial effect on
clustering of disease in low incidence areas.
The increase in the variance of local disease prevalence
indicates that the epidemic may be near the model’s phase
transition, i.e. near the boundary between the disease-free
absorbing state and the endemic equilibrium. This hypothesis is supported by differential equation models (Salpeter
and Salpeter, 1998), including ours. In a phase transition,
spatial structure across a range of scales is typical, and we
would expect local outbreaks with a wide range of sizes,
even in the absence of strain or host heterogeneity. While a
thorough examination of the phase transition is beyond the
scope of the current paper, the characterization of phase
transitions and critical behavior in TB models is a
promising avenue for further research.
At parameter values that are reasonable for TB
epidemics, the time scale of the approach to the diseasefree equilibrium in the differential equation model is very
long. We also observe long time scales in the network
model, particularly for local networks, in which there is
slower spatial diffusion. This means that the phase
transition that occurs as the epidemic crosses the threshold
would last for an extended period of time. This in turn
indicates we would expect to observe the spontaneous
emergence of spatial structure over long periods during
declining epidemics.
Contact structure has a substantial impact on reinfection. In the differential equation model the importance of
exogenous reinfection falls to zero as disease prevalence
decreases. But in networks with local contact structure, the
ratio of reinfection to primary infection does not approach
zero as disease prevalence falls. Even when the overall
prevalence of disease is very low, sufﬁcient spatial structure
(i.e. pockets of relatively high latency) emerges on these
networks that reinfection is not negligible. In local
outbreaks with signiﬁcant reinfection, policies aimed at
preventing progression from primary infection (such as
one-time prophylactic treatment with isoniazid) will be less
effective because individuals who have been exposed once
are more likely than others to be exposed again. In
addition, in areas of high local prevalence of latency, if an
individual in a closely linked clustered community acquires
drug-resistant disease through inadequate treatment, that
individual may re-infect his or her contacts, who remain
susceptible to this new strain even if they received
prophylactic treatment after a previous exposure to TB.
Since their subsequent exposures would not be detected,
they would not receive prophylaxis again, and would
therefore be susceptible to disease with the new strain. In
this manner, reinfection in local high-burden pockets can
facilitate the spread of drug-resistant strains.
In summary, non-random mixing in a population leads
to the emergence of local disease clusters in declining TB
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epidemics. This occurs even when the initial conditions
are spatially homogeneous and individual heterogeneity
(beyond that imposed by non-random mixing) is excluded.
In these local clusters, disease is sufﬁciently concentrated
that reinfection becomes a signiﬁcant contributor to overall
TB levels. This effect on the disease transmission dynamics
has implications for control policy and the emergence of
new strains.

Appendix A. Parameter estimation
The parameters used in our models are adopted from the
clinical literature and are consistent with values used in
previous models of tuberculosis.1 In some cases, there has
been substantial variability in the value for speciﬁc
parameters used previously (e.g. the rate of progression
from infection to disease (Blower et al., 1995; Dye et al.,
1998). In these situations we have chosen a value that
corresponds better with observational data. The value of
the parameter corresponding to the duration of fast latency
ðtÞ depends on the time during which one assumes that an
individual is at elevated risk following a recent infection;
here, we have adopted the convention used by Vynnycky
and Fine (1997). As emphasized in the manuscript, the
pattern of connections in the network model affects disease
spread and contraction. For the purpose of this preliminary analysis we have set the average number of close
respiratory contacts to be 15. In reality, the structure of
connections is likely to be more dynamic than that
represented here and new empiric studies on mixing
patterns and the transmission of infectious diseases will
inform future work (Edmunds et al., 2006).
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